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Abstract. For a class of T? Markov Random Fields (MRFs) /x, we show that 
the sequence of successive differences of entropies of induced MRFs on strips 
of height n converges exponentially fast (in n) to the entropy of pt. These 
strip entropies can be computed explicitly when is a Gibbs state given by 
a nearest-neighbor interaction on a strongly irreducible nearest-neighbor T? 
shift of finite type X. We state this result in terms of approximations to the 
(topological) pressures of certain functions on such an X, and we show that 
these pressures are computable if the values taken on by the functions are 
computable. Finally, we show that our results apply to the hard core model 
and Ising model for certain parameter values of the corresponding interactions, 
as well as to the topological entropy of certain nearest-neighbor I? shifts of 
finite type, generalizing a result in JP_. 



1. Introduction 

The concept of entropy is fundamental to the study of dynamical systems both in 
topological dynamics, where it arises as topological entropy for continuous maps, 
and in ergodic theory, where it arises as measure-theoretic entropy for measure- 
preserving transformations. 

Of particular interest in symbolic dynamics are dynamical systems known as 
shifts of finite type. We restrict our attention to nearest neighbor shifts of finite 
type (n.n. Z'^-SFT); such an SFT X is specified by a finite alphabet A and a set of 
translation-invariant adjacency rules: X is the subset of of all configurations on 
Z"^ which satisfy the adjacency rules. Here, the underlying dynamics are given by 
the group of translations by vectors in . The topological entropy hiX) is defined 
as the asymptotic growth rate of the number of configurations on finite rectangles 
that extend to elements of X (more precise definitions for n.n. Z'^-SFT, topological 
entropy and other concepts used in this introduction are given in Section [2|) . 

The most prominent non-trivial example in dimension c? = 1 (i.e. n.n. Z-SFT) 
is the golden mean shift, defined as the set of all bi- infinite — 1 sequences that 
do not contain two adjacent I's. Its two-dimensional analogue, known as the hard 
square shift %, is defined as the set of all — 1 configurations on 1? such that I's 
are never adjacent horizontally or vertically. 

The topological entropy of a n.n. Z-SFT X is easy to compute: namely, h{X) 
is the log of the largest eigenvalue of a nonnegative integer matrix defined by the 
restricted adjacency rules. The topological entropy of the golden mean shift turns 
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out to be the log of the golden mean (hence the name for this SFT). However, it is 
very difficult in general to compute the topological entropy of a n.n. Z^-SFT, and 
exact values are known in only a handful of cases. Even for the hard square shift, 
the topological entropy is not known. 

Given a n.n. Z^-SFT X , the allowed configurations on a strip of height n form 
what is effectively a n.n. Z-SFT X„; here, the alphabet consists of columns of 
height n that obey the vertical adjacency rules, with two adjacent columns required 
to satisfy the horizontal adjacency rules. In [P], Pavlov proved that for the hard 
square shift X = 7i, the sequence of differences h{Xn+i) — h{Xn) not only converges 
to h{X) but does so exponentially fast (as a function of n). While this does not 
give an exact expression for h{X), it does show that h{X) can be approximated 
relatively well. In particular, a consequence of the approximation result from [Pj is 
that there is a polynomial time algorithm which on input k produces an estimate 
of h{H) guaranteed to be accurate within 1/k. This is in stark contrast to the 
main result from 'HMJ, which implies that there exist numbers which occur as the 
topological entropy of a n.n. Z^-SFT and are arbitrarily poorly computable. 

While topological entropy can be viewed as a purely combinatorial object, the 
proof in [P] uses measure-theoretic tools. For a translation-invariant measure fi on 
, there is an analogous notion of measure-theoretic entropy h{^). If the support 
of /i is contained in a n.n. Z^-SFT X, then h{fi) < h{X) and there is always at least 
one measure /i such that h{fi) — h{X). For X — %, there is a unique measure of 
maximal entropy /imax- There is also a unique measure of maximal entropy fin for 
each Hn- Using results on "disagreement percolation" from |vdBS| . it was shown 
that the sequence of differences h{fin+i) — h{pLn) converges exponentially fast to 
hinmax), and one concludes that h{'Hn+i) — h{Hn) converges exponentially fast to 
hCH), as desired. 

Of critical importance to the proof is the fact that /J-max is a Z^-Markov random 
field (MRF), which is, roughly speaking, a measure on such that for any finite 
subset 5 C Z^ the conditional probability distribution on configurations on S given 
a configuration u on Z^ \ 5 depends only on the restriction of u to the boundary of 
S. For fJ-max, these conditional probabilities are uniform over allowed configurations 
on S given u. 

In this paper, we generalize the main result of to more general translation- 
invariant Z^-MRFs /z, with non-uniform conditional probabilities. Using results 
from |vdBM| . instead of jvdBS) . we give, in Section[3l a measure-theoretic analogue 
for certain Z^-MRFs. Namely, our Theorem 13.221 asserts that for sufficiently large 
n, the MRF fj, induces MRFs fj,n on strips of height n, with appropriate boundary 
conditions, such that the sequence of differences /i(/i„+i) — /i(/in) converges expo- 
nentially fast to h{fj,) (here, /i„ is viewed as a one-dimensional stationary process 
on sequences of configurations of rt-high columns); this result requires the existence 
of suitable boundary rows for sufficiently large n and a condition on the proba- 
bility distributions on configurations at a site in Z^, conditioned on configurations 
on its four nearest neighbors. The condition (which is from |vdBM, ) is that any 
two such (conditional) probability distributions should not be too different - more 
precisely, the total variation distance between any such distributions should be less 
than the critical value for site percolation in Z^. This condition is similar in spirit 
to the classical Dobrushin uniqueness criterion. The induced MRF /j,„ is defined by 
restricting the conditional probability specifications of jj, to the strip of height n, 



APPROXIMATING ENTROPY AND PRESSURE FOR 1? MRFS AND SETS 3 

with appropriate boundary conditions imposed on the row immediately above the 
top row of the strip and the row immediately below the bottom row of the strip. 
We note, in particular, that /i„ is not the usual marginalization of [i to the strip; 
this latter process is typically not even an MRF. 

This all becomes more concrete when the MRF /i is a Gibbs state for a n.n. 
interaction $ on a n.n. Z^-SFT X which satisfies a strong irreducibility condition 
(Gibbs states are discussed in Section |4] and the strong irreducibility condition and 
consequences are discussed in Section [5]). In this case, the induced MRFs /i„ are 
translation-invariant first-order Markov chains whose transition probabilities are 
easily computed from the interaction (Proposition 16.31 in Section [6]). There is a 
simple closed form for the entropy of such a Markov chain, which in spirit is similar 
to the closed form for topological entropy of a n.n. Z-SFT. 

The interaction $ defines a continuous function /$ on X. The pressure Px(/*) 
of such a function is defined as the asymptotic growth rate of arrays which are, 
roughly speaking, weighted by exp(/$). Using an equivalent variational formula for 
Px(/$), given in terms of translation-invariant measures supported within X, one 
can apply Theorem 13.221 to obtain exponentially fast approximations to pressures 
of such functions /$ by differences of pressures of induced functions on strips of 
height n (Theorem 17. 2p ; these pressures are computed as largest eigenvalues of 
explicit matrices. A corollary of this result is Theorem 18.11 which expresses the 
computability of Px(/$) in terms of computability of the values of <&. 

Finally, examples of Gibbs states and corresponding pressures are given in Sec- 
tion [9l We consider two classical examples: the two-dimensional hard core model, 
given by an interaction parameterized by activity level a, and the two-dimensional 
Ising antiferromagnet model, parameterized by inverse temperature /? and external 
field h. Explicit ranges of values of these parameters are given for which Theo- 
rem [721 applies. 

When $ = 0, then /$ = and Px{f<s>) reduces to h{X). It follows that the 
approximation result for pressure (Theorem l7.2p can be used to obtain exponentially 
fast approximations to h(X) for certain n.n. Z^-SFTs. In particular, this result 
recovers the main result of [jP] and extends that result to other n.n. Z^-SFTs, 
examples of which arc given in Section [9l 

2. Definitions and preliminaries 

An undirected graph G consists of a set of vertices (or sites) V{G) and a set 
of edges (or nearest neighbors) E(G) of (unordered) pairs of distinct vertices. All 
graphs we consider will be countable and locally finite. Two vertices v,w € V{G) 
are said to be adjacent if {v, w} G E{G). For finite sets ?7i, C/2 C V{G), let E{Ui, U2) 
denote the set of all edges in G with one vertex in Ui and the other in U2- 

For any d > 0, we (in a slight abuse of notation) use Z'' to denote the d- 
dimensional cubic lattice, the graph defined by V{Z'^) = Z"^ and £'(Z'^) = {{u,v} : 
Eti \uz-v^ \ = 1}. 

The boundary of a set 5 C V{G) within a graph G, which is denoted by d{S, G), 
is the set of v G V{G) \ S which are adjacent to some element of S. If we refer to 
simply the boundary of a set S, or write dS, then the graph G is assumed to be Z^. 
In the case where S' is a singleton {v}, we call the boundary the set of neighbors 
N^, which is just the set oi w £ V{G) adjacent to v. Again, when no mention of 
G is made, it is assumed to be Z^. 
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For any integers a < 6, we use [a, b] to denote {a, a + 1, . . . , 6}. 
An alphabet ^ is a finite set with at least two elements. 

A configuration u on the alphabet A in the graph G is any mapping from a 
non-empty subset S of V{G) to A, where S is called the shape of u. For any 
configuration u with shape S and any T C S, denote by m|t the restriction of u 
to T, i.e. the subconfiguration of u occupying T. For S,T disjoint sets, x € -4'^ 
and y G A'^ , xy denotes the configuration on S' U T defined by {xy)\s = x and 
{xy)\T = y, which we call the concatenation of x and y. 

For any d, we use a to denote the natural shift action on A^ defined by 
(cr„(a;))(u) = x{u + v). 

For any alphabet A and graph G, ^^^'^^ is a topological space when endowed 
with the product topology (where A has the discrete topology), and any subsets 
will inherit the induced topology. We will also frequently speak of measures on 
A^^^\ and all such measures in this paper will be Borcl probability measures. 
This means that any /x is determined by its values on the sets [w] := {x G : 
x\s = w}, where «; is a configuration with arbitrary finite shape S C V{G). Such 
sets are called cylinder sets, and for notational convenience, rather than referrring 
to a cylinder set [w] within a measure or conditional measure, we just use the 
configuration w. For instance, iJ,{w Hv \ u) represents the conditional measure 

m(M n [v] I [u]). 

A measure fi on A^ is translation-invariant (or stationary) if /u(A) = fi{ayA) 
for all measurable sets A and w e Z**. A translation-invariant measure on A^ is 
ergodic if whenever U C A^ is measurable and translation-invariant, then n{U) = 
or 1. 

Let d be a positive integer. Let £i, . . . ,£d C A"^. The nearest neighbor shift 
of fimite type (n.n. Z'^-SFT) X, defined by £i,...,£d is the set X of all x e A^"" 
such that whenever u Gl/^ and 1 < i < d, we have x{u)x{u + e^) £ £i, where is 
the ith standard basis vector. We say that X is a n.n. SFT if it is a n.n. Z'^-SFT 
for some d. 

When d — 1, we write £ = £i. Any n.n. Z-SFT X defined by £ has an 
associated square |^| x |^| matrix A, called the adjacency matrix, which is defined 
by ajj = Xsihj)- In other words, Uij = 1 iff {i,j) e £. 

The language of X is: 

£{X) = Uiscl.-^, |S|<oo}'^s(-'^) 

where 

Cs{X)^{x\s:xeX}. 

For a subset 5* C Z'' = F(Z''), finite or infinite, a configuration x € A^ is globally 
admissible for X if a; extends to a configuration on all of Z"^. So, the language JC{X) 
is precisely the set of globally admissible configurations on finite sets. 

A configuration x € A^ is locally admissible for X if for all edges e = {u, u + Cj} 
contained in S, we have x\e S £i. We note that technically there is an ambiguity 
here since several choices for £i could induce the same n.n. SFT. For this reason, 
we will always think of a n.n. SFT as being "equipped" with a specific choice of 
the sets £i. 



APPROXIMATING ENTROPY AND PRESSURE FOR 1? MRFS AND SETS 



5 



Example 2.1. The 1? hard square shift 7^ is the n.n. shift of finite type with 
alphabet {0,1} and £i =£2 = {(0, 0), (0, 1), (1, 0)}. 

Given any measure /i on and any rectangular prism R = H '^'^ '■^^^ 

associate a R-higher power code /i^^l of /i, defined as the image of /i under the 
mapping (pR : ^ {A^f defined by {cI>rx){vi ,...,Vd) 

For any n.n. Z'^-SFT X, (j)R{X) is also a n.n. Z'^-SFT, which we call the R-higher 
power code of X and denote by X^^\ 

We define a square nonnegative matrix A to be primitive if some power has 
all positive entries. This allows us to define the notion of mixing for two types 
of one-dimensional dynamical systems. A n.n. Z-SFT X is called mixing iff its 
adjacency matrix (after discarding any letters of A which do not actually appear 
in X) is primitive, and a Markov chain is called mixing if its transition probability 
matrix is primitive. 

For any translation-invariant measure on A^ , we may define its entropy as 
follows. 

Definition 2.2. The measure-theoretic entropy of a translation-invariant measure 
fi on A^ is defined by 

KlA^ . . lim . . ^ . lJ'{w)\og{n{w)), 

31,32, ■■■:3d-^'X> J1J2 ■■■ Jd 

where terms with fi{w) = are omitted. 

We will also deal with measure-theoretic conditional entropy in this paper. It can 
be defined more generally, but for our purposes, we will define it only for a measure 
on A^ and specific type of partition of A^. For any partition ^ of a set S, and for any 
s G 5, we use ^(s) to denote the element of ^ which s is in. If ^ is a partition of an 
alphabet A, then (p^ is the map on A^ defined by 0^(a;) = . . ■ ^{x-i)£_{xo)^{xi) 

We note that for any measure ^ on A^ and any partition ^ of A, the push- forward 
of /i under the map (f)^ is a measure on 

Definition 2.3. For any translation-invariant measure ji on A^ and any partition 
^ of A, the conditional measure-theoretic entropy of fi with respect to ^ is 

'1 „^,..M„„^ 



h{fi I = lini V Kw) log 

fc-i-oo 2k + 1 ^ — ' 



where again terms with fi{w) = are omitted. 

Measure-theoretic conditional entropy is most useful because of the following 
decomposition formula. For a proof, see [Pj . 

Proposition 2.4. For any translation-invariant measure fi on A^ , and any parti- 
tion ^ of A, 

hifi I o^Hi^)~HMi^))- 

The weak topology on the space of measures on A^ is the weakest topology un- 
der which integrals of real- valued continuous functions converge. Measure-theoretic 
(and conditional measure-theoretic) entropy are not continuous in the weak topol- 
ogy (though they are upper semicontinuous); see |Wal| . For this reason, we need to 
define the d metric for measures, with respect to which the entropy map /x H> h{^) 
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is continuous and in fact Holder. We first need the preliminary definition of a 
coupling. 

Definition 2.5. For any measures ^ on X and v on Y , a coupling of fi and v is 
a measure A on X x Y for which X{A x Y) = ii{A) for any ^-measurable A C X 
and X{X x B) — v{B) for any v-measurahle B CY . The set of couplings of fi and 
V is denoted by C{fj,,i>). 

Definition 2.6. For any measures ^ and ji' on , 

d{fi, fi') — limsup min / d2n+i{x,y) d\, 

n~¥oo >'GC(/i|[_„,„],/j'|[_„,„]) 7 

where dk is the normalized k-letter Hamming distance between k-letter configura- 
tions given by dk{u, v) = \ Ei<i<fc(l " K(i)v(t))- 

We briefly summarize some important properties of the d distance (for more 
information, see |Rud| or [S]). We are interested only in the d metric on the space 
of translation-invariant measures on A?' for a fixed alphabet A. The d metric is 
complete and dominates distribution distance in the sense that for any configura- 
tion w on a finite interval of length m, |/i(u') — l^'{w)\ < md{ii, fi'). And Holder 
continuity of entropy follows from the estimate: letting e — d(fi, yJ), 

\h{p) - /i(m') I < e log 1-41 - e log e - (1 - e) log(l - e); 

(see [ |Rud| . Theorem 7.9] for a proof in the ergodic case; the same estimate holds 
in the general translation-invariant case). 

Finally, we define the topological pressure of a continuous function on a n.n. 
SFT, following [RHe] . 

Let X be a n.n. Z'^-SFT, and let / : X M be a continuous function. The 
topological pressure of / on X can be defined in several ways; one is as the purely 
topological notion of the asymptotic growth rate of the number of (locally or glob- 
ally) admissible arrays in X , "weighted by /." For our purposes though, the fol- 
lowing definition, which is a consequence of the variational principle (see |Mij for a 
short proof), is more convenient. 

Definition 2.7. Given a n.n. Z'^-SFT X and f E C{X), the (topological) pressure 
of f on X is: 

P{f) - Px{f) = sup (^(ji) + j fdf?j , 
where the sup is taken over all translation-invariant measures /i supported on X . 

The sup is always achieved and any measure which achieves the sup is called an 
equilibrium state for X and /. ( [Walj ) 

In the special case when / = 0, P{f) is called the topological entropy h{X) of 
X , and any equilibrium state is called a measure of maximal entropy for X. 

3. Exponential approximation of MRF entropies 

The main measures we will study in this paper are Markov random fields (or 
MRFs) on sets of configurations on a graph G. 

Definition 3.1. For any graph G and finite alphabet A, a measure fi on A^^'^^ 
is called a G-Markov random field (or G-MRF) if, for any finite S C V{G), any 
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ri e A^, any finite T C V{G) s.t. d{S, G) C T C V{G) \ S, and any S e A^ with 

I S\gi^s..G)) = I S). 

Informally, is a G-MRF if, for any finite S C V{G), the sites in S and the sites 
in V{G) \ (5* U d{S, G)) are ^-conditionally independent given the sites on d{S, G). 

We will sometimes refer to a G-MRF simply as an MRF when G is clear from 
context. We note that our definition of MRF differs slightly from the usual one, 
where the right-hand side would involve conditioning on an entire configuration on 
V{G) \ S a.e. rather than arbitrarily large finite subconfigurations of it. However, 
the definitions are equivalent and the finite approach leads to simpler calculations 
and proofs. 

Definition 3.2. For any graph G and finite alphabet A, a G-specification A is 
defined by a set of finitely supported probability measures 

I S c F(G), \S\ <oo,6e 

where, for each A''(-), • ranges over all configurations in A^ . 

Again we will sometimes refer to a G-specification simply as a specification. We 
say that a Z'^-specification is translation-invariant if A"'"'' = cr^A^ for all S and 
V G Z'^. 

Definition 3.3. For any graph G, fi a measure on A^^'^\ any finite set S C V{G), 
and any 6 € J['^(S,G) ^^j^/j ^(5) > 0, denote by the measure on A^ defined by 
H^{u) = I S). 

Definition 3.4. For any graph G and finite alphabet A, and G-specification A, a 
G-MRF ^ is associated to A if fi^ ^ A*' for all finite S C V{G) and 5 e ^^(^.G) 
with fi(d) > 0. 

Note that in checking whether an MRF fi is associated to a specification A, many 
of the A-^ are totally irrelevant; namely those which correspond to S which have zero 
/X- measure. 

We say that a G-specification A is valid if there is at least one G-MRF associated 
to it. If there is exactly one such MRF, we denote it by /x(A). 

Often a specification is required to satisfy a consistency condition; see [ |Gej . 
Definition 1.23]. This condition is important for results that assert the existence 
of an MRF associated to a given specification: the existence of an MRF /i forces 
certain consistencies of specifications on the support of fi. However, in our work, 
we do not need to require consistency: whenever we need existence, we will either 
assume it (i.e., that the specification is valid) or assume a condition that guarantees 
it (for instance, in Proposition 13. 13l) . And the consistency condition is not needed 
in uniqueness results such as Theorem 13.91 

To obtain good approximations of MRF entropies, we will use a condition from 
[vdBMj on G-specifications, which was used there to prove uniqueness of the asso- 
ciated MRF. We first need some definitions. 

Definition 3.5. For any finite set S and two measures fi and v on S, the variational 
distance between jj, and v is 

ses 
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We note that d{fi, v) ^ 1 iS fi and v have disjomt supports. 

Definition 3.6. For any graph G, finite alphabet A, g £ V{G), and valid G- 
specification A, define 

gg(A) := max d{A\A^') 
and q{A) := sup^gyj^) qg{A). 

Definition 3.7. For any finite alphabet A, graph G, and probability distribution A 
on A, P\ represents the Bernoulli (i.i.d.) measure on A^^^^ whose distribution on 
each site is A. 

Definition 3.8. For any graph G, the critical probabihty for site percolation on 
G, denoted by pc{G), is defined as the supremum of q ^ [0,1] for which, given the 
alphabet {0,1} and the graph G, the P(^i_g gyprobability that there is an infinite 
connected subgraph of G with Is at every site is zero. 

We point out that percolation theory is an extremely rich area of mathematics, 
which we give short shrift to here. For more information, see |Grj . 

When the graph G is omitted, we understand pc to denote Pc(Z^)- Simulations 
suggest that Pc ~ 0.593, but the best known lower bound is Pc > .556, proved by 
van den Berg and Ermakov. ( |vdBE| ) 

Theorem 3.9. ( |vdBMj . Corollary 2) If A is a valid G- specification and q{A) < 
Pc{G), then there is a unique G-MRF associated to A. 

Theorem 13.91 is. roughly speaking, proved by showing that for a G-specification 
A with q{A) < Pc{G), boundary conditions on large sets (such as rectangles in 
7?) exert very little influence on sites near the center. It will be necessary for us 
to quantify exactly how this influence decays, and so we will use the methods of 
IvdBMj to prove some finitistic results. 

Theorem 3.10. For any valid Zi^ -specification A with q{A) < pc (with unique 
associated MRF fi — /i(A) ), there exist K, L > such that for any nonempty finite 
set 5 C Z^, for any rectangle R D S , and for any configurations S and S' on dR with 
positive fj,{A) -probability, there exists A G G{ii^\s, fJ-^ \s) such that for any s G S, 
X{{{x,y) : x{s) ^ < Ke~^^ , where d is the distance between S and the set 

of t G dR for which 5{t) ^ 5'{t). (We take d — oo if the latter set is empty.) 

Proof. Given any such A, S, R, 6, and 6', Theorem 1 from IvdBM] proves the 
existence of A' £ C{fi^ ,fi^ ) with the following two properties: (Following [vdBM] . 
we will sometimes think of A' as a measure on ^-RuSfl ^ j^BudR^ where pairs (w, v) 
in the support of A' are thought of as equivalent to {uS,vS').) 

(i) Define the map (j> from (y^«u9fl) ^ (A^^^^) to {0, Ij^uOfl (^(x, 2/))(u) = 1 
if and only if x{v) ^ y{v). Then the measure (f>X' on {0, l}^'-^^''^ is stochastically 
dominated by P(i-q^q), where q = q{A). (We do not define stochastic dominance in 
general, but can give a simple definition which suffices for our setup. Given a finite 
set S and measures /z,j^on{0,l}"^,/zis stochastically dominated by v if for any set 
C of configurations which is closed under changing Os to Is, ^(C) < i^(C).) 

(ii) For a set of {x,y) G {A'^'-'^'^) x {A^'~'^^') with A'-probability 1, and for any 
V G R, x{v) ^ y{v) if and only if there is a path P of sites in from v to dR for 
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which x(j}) ^ ?/(p) for all p E P. 

Note that for any fixed w G i?, this means that 
A'({(x,y) : xiv)^yiv)}) 

= A'({(x, y) : there is a path P from v to dR such that 7^ Vp G F}) 
= (0A') (there is a path P of Is from u to dR}) 

< P(i_,_,) (there is a path of Is from v to dR). 

A classical theorem proved by Menshikov ([Mel) and Aizenmann and Barsky 
( [ABj ) shows that for any q < pc, there exist K = K{q) and L = L{q) so that for 
any n, -P(i_5,5) (there is a path of Is from to d[—n,n]'^) < Ke^^". This clearly 
implies that P(i_^ ,j-) (there is a path of Is from v to dR) < Ke~^'^^, where dy is 
the distance from v to the set of sites in dR at which S and 6' disagree. 

Therefore, if we define A = A'|(^sx^s), then for any s e 5, X{{{x,y) : x{s) ^ 
y{s)}) = X'{{{x,y) : x(s) ^ 2/(s)}) < Ke'^'^" < Ke-^'^, where d is just the 
minimum value of ds for s G S. 

m 

We will prove a slightly more general version of Theorem 13.101 for 6 and 6' on 
the boundaries of possibly different rectangles. 

Theorem 3.11. For any valid Z'^ -specification A with q{A) < pc (with unique 
associated MRF ji = /i(A) ), there exist K, L > such that for any finite set S C Z^, 
for any rectangles R' D R D S , and for any configurations 6 and S' on dR and dR' 
respectively with positive fj,{A) -probability, there exists A £ C{ii^\s, IJ-^ \s) such that 
for any s S , X{{{x,y) : x{s) ^ y{s)}) < Ke^^'^, where d is the distance between 
S and the set of t E dR for which either t ^ dR' or t G dR' and 6{t) ^ S'{t). 

Proof. We will be using Theorem 13.101 First, let's note that /i* Ir can be written 
as a weighted average of the measures 11^ , where rj ranges over all configurations 
on dR which agree with S' on dR D dR' . This means that in particular, /i"^ \s — 
'^»?(m''Is') ^'^^ some nonnegative numbers summing to 1. By Theorem 13.101 
there exist K,L > so that for any 77 there exists A,, e C{ii^\s, lJ,^\s) with the 
property that for any s e 5, Xjj{{{x,y) : x{s) ^ y{s)}) < Ke^^'^'^, where djj is 
the distance from any s G S* to the set of t e dR for which S{t) ^ rj^t). Take 
A = Yl,r)'^v\- I* clear that A e C(^''|s, M*^' Is)- Also, clearly 

X{{{x,y) : x{s)^y{s)]) = Y,ar,Xr,{{{x,y) : x(s) ^ 2/(s)}) < ^ a.^i^e-^'^". 

Note that for any rj agreeing with 5' on dR fl dR' ^ dr, > d as defined in the 
theorem. Therefore, clearly X{{{x,y) : x{s) ^ y{s)}) < Ke~^'^, and we are done. 

■ 

Given a valid Z^-specification A with q{A) < Pc, we wish to define some spec- 
ifications (and associated MRFs) on the maximal subgraphs Hm,n of 7? defined 
by V{Hrn,,n) = Z X [m,n], yielding measures on sets of configurations on biinfinite 
horizontal strips. 

Of course A itself does not contain enough information to define an 
-ffm,n-specification; there exist sets of the form d{S, Hm,n) for some finite set 5 C 
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Hm,n, but which are not expressible as dT for any finite set T dl? . (For instance, 
picture the 'three-sided' boundary of a rectangle which includes part of the top 
row in Hm,n-) We therefore supplement A with boundary conditions as follows. 
Suppose that & G , and we will define a iJ^.n-specification h.m.n,t.b- 
For any finite S* C Z x [m, n], 77 e , and 5 G ^^(■S.^m,,.)^ define 

(1) A^,„,,,,(r;)=A«(,7), 

where ^ = (i|95n(Zx{«+i}))(&lasn(Zx{m-i}))'5, the concatenation of t|gsn(Zx{«+i}), 
^lasn(Zx{m-i})j and 5. In other words, a configuration on d{S, Hm,n) is supple- 
mented by symbols from t and b above and below Hm,m if necessary, to extend 
it to dS. The following gives a sufficient condition on m,n,t,b for the validity of 

^m,n,t.b- 

Definition 3.12. For a -specification A with alphabet A, integers m < n and 
t,b G A^ , we say that m,n,t,b is compatible with A if there exists an MRF ji 
associated to A such that for all sufficiently large k, there exists 5k G ^''([^'^-'^l^I™^"]) 
with positive ^-measure whose top row is t\[_k^k] o,nd whose bottom row is b\[^k,k]- 

Proposition 3.13. For a valid -specification A with alphabet A, integers m < n 
and t,b G A^ , if m,n,t,b is compatible with A, then Am,n,t,b is a valid Hm,n- 
specification. 

Proof. Let ^ be an associated MRF and for all sufRciently large k, 5k as described 
in Definition 13.121 Define the measures /i'^'-' . We wish to take a weak limit of 
a subsequence of these measures, so they must be extended to measures on all 
of ^zx[m,n]. cJiQQsg any a <E A^ and for each k extend each configuration in the 
support of to all of Z x [m, n] by filling all unoccupied sites with a's. 

By definition of Ajn,n.t,b and the fact that fji is an MRF associated to A, any weak 
limit of a subsequence of the measures is an MRF associated to the specification 
Am,ri,t,fc, and so Km,n,t,b is valid. □ 

While the compatibility condition may be difficult to check in general, it is 
checkable for certain special kinds of MRFs introduced in later sections. 

We can also give a sufficient condition for uniqueness of an iJj„_„-MRF associated 
to A.m,n,t.b- In fact, it requires a less restrictive bound on (7(A), which will be useful 
for some later discussions. 

Proposition 3.14. For any integers m < n and any valid Hm.n- specification 
Am.n,t.b induced by a 1? -specification A with q{A) < 1 and boundary conditions 
t and b, Am,n.t.h has a unique associated MRF. 

Proof. Consider any such A, m, n, i, and b for which Am,n,t,b is a valid specification. 
For any i £ V{H,n,n) = Zx [m, n], by the definition oiKm,n,t,b, qi{Am,n.t,b) and gi(A) 
are both maxima of d{A^ , A"^ ) over sets of pairs 5, 5' G .4^' . However , for qi (A) , one 
maximizes over all such pairs, and for qi{Am,n,t,b)i one may be maximizing over a 
smaller set. (For instance, if i is part of the top row of Hm,n , then one only considers 
configurations on the neighbors where the neighbor above i is equal to t{i (0, 1))) 
Therefore, qi{Am.,n,t,b) < gi(A). Since i was arbitrary, g(Am,„,t,b) < g(A). 

It now suffices to show that Pc{Hm,n) = 1; the proposition then follows from 
Theorem 13.91 For any p < 1, if sites of Hm,n are independently taken to be open 
with probability p and closed with probability 1 — p, then the probability than an 
entire column {i} x [m, n] is closed is (1 — > 0. This means that with 
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P(i_p^p)-probability 1, there exist closed columns arbitrarily far to the left and right, 
meaning that there are no infinite open connected clusters. Therefore, since p < 1 
was arbitrary, Pc{Hm,n) = 1 and we are done. □ 

Clearly, when the hypotheses of Proposition 13.141 are satisfied, n{Am,n,t,b) can 
be thought of as a measure on the one-dimensional full shift and we 

will interpret fJ-{A.„i^n.t,b) in this way for further discussions about d distance and 
entropy. It should always be clear from context which viewpoint is being used. 

Proposition 3.15. For any valid 1/^ -specification A with q{A) < pc (with unique 
associated MRF fj, — /i(A) ) and any t,b € for which there exists N such that 
n{A-n,n,t,b) exists for all n > N , ^J,{A^n.n,t.b) approaches jj, weakly as n ~> oo. 

Proof. By definition of A^n.n,t.b, any weak limit of a subsequence of /i(A_„^„.t_f,) is 
clearly a Z^-MRF associated to A. (As before, we need to extend each iJ.{A^n,n.t,b) 
to a measure on all of ; we do this by choosing any a £ A and extending each 
configuration in the support of ^(A_„ „ ( {,) to all of 7? by filling the unoccupied 
sites with a.) However, the only such MRF is /x. □ 

We will now use Theorem l3.11l to derive couplings of marginalizations of fi(Ai^n^t,b) 
and n{Ai^n+i,t,b) to substrips which imply their closeness in the d metric. 

Theorem 3.16. For any valid 1/^ -specification A with q{A) < pc (with unique 
associated MRF fi — /i(A) ), there exist K, L > such that for any n and any 
t,b G A^ such that l,n,t,b and l,n + l,t,b are compatible with A, and for any 
I < i < i' < n, 

d{fJ.{Al,n,t.b)\zx[^.i'-l],K^l.7l+l,t.b)\I,x[i,^'-l]) < («' - i)i^e^-^("~* ^ and 
f^(A'(Ai,n,t,6)Ux[i,i'-i],M(Ai,„+i,t,6)|zx[i+i,j']) < [i' ~ i)Ke^^\ 

Proof. We begin with the first inequality. For A as in the theorem, take the K 
and L guaranteed by Theorem 13. Ill Fix t, 6, n, and i < i' . For every sufficiently 
large k, take 5k and 5'f. configurations on fc, k] x [1, n]) and d{[—k, k] x [1, n + l]) 
respectively with positive //-measure which are both equal to on the top and 

^[-k,k] on the bottom. Define Si_ii^k = [— x [i, j' — 1]. By Theorem 13.111 for 
any k > n — i' and j < k — [n — z'), there exists Xi,i',j.k G C{n^'' \s. ., . , ^J'^'' |s. ^, .) 
for which the A^.i' j-.fe-probability of disagreement at any site in Si,i',j is less than 
^g-L(n-( (This is because Sk and S'^. agree on their bottom row, and the distance 
from any site in Si,i\j to any other site in d{[—k, k] x [1, n]) U d{[—k, k] x [1, n -I- 1]) 
is at least n — i' .) 

Now, for any fixed i < i' and j, define A^ ^' j to be any weak limit of a subse- 
quence of the couplings Xiy .j^k as k ^ oo. Note that any weak subsequence of fj,^'' 
approaches an MRF on i?i,„,t,6 associated to the specification Ai^n,t,b, and since 
M(Ai,n,t,fc) is the unique such MRF, the sequence ^jl^'' itself must weakly approach 
M(Ai,n,t,fc)- Similarly, weakly approaches y.{Ai^n+i,t.b)- Therefore, Xis' .j G 
C(/i(Ai^„,t^b)|5. ., . , ^ji{Al^n+l,t,b)\s^ ^, -)■ Also, it is clear that if we think of a config- 
uration on Si^i'j as a {2j + l)-letter word on the alphabet of words on columns of 
height i' — i, then £'a. ., ^ ((i2j+i(a;|[-jj] , y|[-jj])) < {i' — i)Ke~'"'^^~'^\ Recalling the 
definition of (f, we see that then clearly (f(/i(Ai,„,t,b)|zx[i,i'-i],A*(Ai,ri+i,t,&)|zx[i,i'-i]) < 
{i' ~i)Ke-^^''--''\ 
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To prove the second inequality, change the proof above by defining 6k on 
d{[—k, k] X [2,n + 1]) instead. Then Sk and S'^. will agree on their top rows, and the 
rest of the proof goes through mostly unchanged. The distances from Z x [i, i' — 1] 
and Z X [i + to the bottom rows of Hi n and Hi^n+i respectively are at least 
i, which is why n — i' is replaced by i. □ 

We will for now restrict our attention to translation-invariant Z^-specifications 
A with q{A) < pc and constant boundary conditions i, 6 G A^, which means that 
the measures iJ-{Am,n.t,b) (when they exist) will be translation-invariant as one- 
dimensional measures. (Otherwise, their horizontal shifts would also be MRFs 
associated to Am.n,t,b, contradicting uniqueness of fJ-{Am.n,t.b)-) We can then discuss 
the measure-theoretic entropies h{fi{Ai^n,t,b)) and h{fi{Ai^n+i,t.b))- 

We will decompose these into conditional measure-theoretic entropies, and then 
use Theorem l3.16l and Holder continuity of entropy (with respect to d) to show that 
many of these entropies are exponentially close, finally showing that h{p{Ai^n+i,t,b))- 
h{fi{Ai^n.t,b)) is exponentially close to /i(/i). We first need some notation for special 
conditional measure-theoretic entropies. 

For any a, define Ra — Z x {a}. For any m < n and any interval B C [m, n], we 
partition by the letters appearing on B, and call this partition ^b. Then, 

for any translation-invariant measure ^ on (^[™'"1)^ and disjoint adjacent intervals 
-B, C C [to, n], we make the notations 



h^(^[j i?b) := h{(j}^^{fi)) and 

{\JRc\ \J Rb) ■■^h{ct>i,^^{fi)\^B). 



I-I- 

^cGC beB 



Also, for any translation-invariant measure ^ on 

> K[[JbeBRb) win be 

understood to mean h,,\, , ( [\,^n Rb) for any D D B:m other words, this 

expression is given meaning by marginalizing fi to any substrip containing the rows 
whose entropy is to be computed. It does not matter which D is used, since clearly 
this quantity depends only on the restriction of fi to Ubes-^b- We will interpret 

^/'(UcGC^c I Ufces -^b) analogous fashion. 

The following is just a consequence of Proposition 12.41 for this new notation. 

Proposition 3.17. For any m < n, a translation-invariant measure on (^I™'"!)^ 
or , and B,C adjacent subintervals of[m,n], 

U Ra) ^ K(^\J Rb) + h,,(^\J R, \ \jRb). 

aeBuc beB cec beB 

The following theorem can both be thought of as an extension of the Markov 
property in one dimension and a generalization of Theorem 13 from 'P'. 

Theorem 3.18. Let A be a translation-invariant Zi^ -specification. Let n be a posi- 
tive integer, t,b ^ be constant sequences and fi be an MRF associated to Ai^n,t,b- 
Then for any integers i and k with 1 < k < i < n, 




\ Ri \ I J Rj — hfj,{Ri I Ri-i). 
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Proof. We will prove the theorem for k ~ I, and this suffices to prove the theoreni 
for all k < i, since for any 1 < fc < i, conditioning on ^[j, is an intermediate 
partition between ^[i and If the conditional entropies resulting from 

these two partitions are equal, then clearly any intermediate partition gives the 
same value. Fix any A, n, t, b, and i as in the statement of the theorem. For 
simplicity, we write /i = fJ'{-^i.n,t.b)- We can write 

i-l 

hf,[R, I y Rj) = \im {l/ k)Sk, where 



Sk := ^ fi{w nv)\og 



^g_^[-fc.)=]x[l,i-ll_ 



m(w) 
fi{w n v) 



(2) =( E /iMiogA^H 

(3) —I ^ ^(w n w) iog/^(?i' n 

(As in the definition of measure-theoretic entropy, in each sum we omit terms 
coming from configurations of //-measure zero.) We also define 

-Sfe := > fiiwnvDLnR) log ( — P — '— = 



„g_^[-fc,fc]x[l,i-l] 
^g^[-f=,fc]x{,}_ ' 

Lg^{-fe-l}x[l,i-ll^ 
i{g^{'=+l}x[l,i-ll ' 



(4) ( ^ /i(wnLni?)iog/i(wnLni?) 



^g_^[-fc,fc]x[l,,-ll^ 

Le^{-'=-i}xii,i-ii_ 

flg_4{fc+i}x[i,i-i] 

(5) [ ^ i.i{wnvnLnR)\ogfi{wnvnLnR)]. 

^g_^[-fc,):]x{i}^ 

ig^I-fc-lIxd.i-U^ 

i{g^{'= + l}x[l,i-ll 

We claim that jS^ — 5^1 < 4(« — 1) log |^|. To see this, we first compare ([2]) and 
For any fixed ui, consider the term /i(i/;) log //(w) from Compare this to 
the corresponding terms from (H]), i.e. //(wflLni?) log //(wflini?). We make 

the simple observation that for any set of k nonnegative reals {oii\\^^ summing to 
a, — X)i=i log(ai) is at least —a log a, and at most — alog(^) (achieved when 
all OLi are equal). Therefore, 

[i[w)\o%[i{w) - ^ ^i{w n L n R) log ti{w n L n R) < /i(w)iog(|y^lp(^"^)) 
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since the number of different pairs L,R is at most By summing this 

over ah choices of w in ([2]) and we see that the difference between ([2]) and ([4]) 
has absolute value at most J2w m(^) log(|^|^^'^^^) = 2(i — f ) log |^|. An analogous 
argument may be made for ^ and ([5]), and so \Sk — S^l < 4(i — 1) log |^| for all k. 

We can similarly write h^(Ri \ Ri^i) = limfc_j.oo(l/fc)Tfc, where T^. is defined 
exactly as 5*^, but where w G is replaced in the summation by w' e 

^[-k,k]x{^-i}^ If we define T* exactly as S^, again using w' instead of w, then 
a trivially similar proof to the above shows that \Tk — < 4(i — l)log|^| for 
all k. If we can now prove that 5^ = T* for ah k, then \Sk - Tk\ < \Sk - S'^\ + 
\Tk - \ + \Sk - Tfcl < 8(i - 1) log 1^1 for every k, which clearly shows that 

hfi(^Ri I Ui=i-Rj) = \imk^ao{l/k)Sk and h^{Ri \ Ri-i) = linife^oo(l/fc)Tfc are 
equal. 

We claim that for any L £ ^{-fc-i}x ^ ji g j^{k+i}x[ut-i] ^ ^ ^ j^[-k,k]x{r} ^ 
and w e j\[-k,k]x[i,i-i] ^ define w' = w\[_k,k]x{i-i}i then 

^i{w n L n i?) _ fi{w' n L n i?) 
^i{w n V n L n R) ~ fi{w' nvnLnR)' 

To see this, we define w" = w\[_k.k]x[i,i-2] and note that since /i is an H^.n- 
MRF, 

fj.{w" nw' nLHR) _ ^{w" nw' nvCiLnR) 
n{w' nLnR) ~ n{w' nvnLnR) 

From this, it is clear that 

fi{w' nLnR) _ ^i{w" nw' nLnR) 
fi{w' nvnLnR) ~ fi{w" nw' nvnLnR)' 

which is clearly equal to J^^,j^^l^2nR) • ^^^^ then for any fixed w' , all terms in S]l 
corresponding to w with the top row w' can be collapsed, which quickly yields 
= Tfe, completing the proof. 

□ 

Corollary 3.19. If A is a translation-invariant Zi^ -specification with q{A) < pc 
(with unique associated MRF pL — /i(A)/, and t and h are constant sequences such 
that —n, n, t, b is compatible with A for sufficiently large n, and k is any positive 
integer, then 

K I U ^h^iRo I 

Proof. Fix any such /i, t, 6, and > such that —n, n, t, b is compatible with A for 
n > N. Let fc be a positive integer. Then by Theorem 13.161 there exist K,L > 
so that 

difJ.{A^n^n,t,b)\ljO^_^^_^^ R^, KA_(^n+l).n+l,t.b)\[jO^_^^_^^ R^) < kK ^'^''-''^ 

for any n > N and k < n, and so this sequence of marginalizations is d Cauchy and 
approaches a d limit. Since the measures fi{A-n.n,t.b) approach ^ weakly as n ^ oo 
by Proposition 13. 15l it must be the case that the d limit of /i(A_„,„ t.h)\\ \o i? is 
/i|jo ^iij - Thus, by Theorem 13.181 translation-invariance of fj,, and continuity of 
entropy with respect to the d metric, we conclude that for any positive integer fc, 
h^{Ro I UjLkRj) ^h^iRo I i?-i). 
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□ 

Corollary 3.20. If A is a translation-invariant Zi^ -specification with q{A) < 
(with unique associated MRF /i = fi(A)), and t and b are constant sequences 
such that —n,n,t,h is compatible with A for sufficiently large n, then h{^i) ~ 
h^{Ro I R-i). 

Proof. For any such fi and positive integer fc, hf^{[j'^^Q Rj) = ft,^(i?o)+ft.^(i?i | Ro) + 

■ ■ ■ + hf^{Rk I Uj=o ^j) = ^m(-^o) + (fc — ^)hf^{Ro I R-i) by translation-invariance 
of /i, Proposition 13. 171 and Corollary 13. 191 But then by dividing by k and letting 
k — > oo, we see that h{^) — /i^(i?o | R-i)- 

□ 

Theorem 3.21. For any valid translation-invariant 'E'^ -specification A with q{A) < 
Pc (with unique associated MRF ^ = /i(A)j and any integer N and constant se- 
quences t and b such that l,n,t,b is compatible with A when n > TV, there exist 
Q,R>0 such that \h{^i{Ai^n+i,t,b))-h{^i{Ai^n,t,b))-h{^i)\ < Qe"^" for any n> N. 

Proof. Proposition l3.17l and Theorem 13. 181 imply that for n> N, 

n 

h{n{Ai,n+i,t.b)) = ^M(Ai,.+i.t,i.)(^i) + I ^j) and 

n-l 

Hp{^l,n,t,b)) = ^M(Ai,„.t,i.)(-Rl) + X! ^M(Ai.„.t,6)(-Ri+l I ^j)- 

We can then write h{fi{Ai,n+i,t,b)) - Hfi{Ai^n^t,b)) as 

(6) ^A'(Ai,„ + i,t,b) (^l) - ^pi(M,^,t.b) (^i) 

Lf J-i 

C^) + X! ('*A'(Ai,„+i,t,6)(-Rj + l I -Rj) - 'iM(Ai.„.t.6)(-Rj + l I -Rj)) 

(8) + /l^(Ai.„+i.f,,)(i?[5J+l I i?[fj) 

n 

(9) + E ('^M(A,,„+M,.)(^J-+1 I ^^■)-'^/^(Aw,.)(^J- I ^^-l))- 

By Theorem 13.161 and Holder continuity of entropy with respect to d , we see 
that (l6|), (l7|), and ([9]) are exponentially small in n, i.e. there exist constants Q 
and R independent of n such that each has absolute value smaller than Qe"^". 
Theorem 13. 161 also implies that the sequence /xfAi.n+i t.blli?, „ i ui?, n , , , approaches 
a cf limit with exponential rate in n, as n — >■ cx). Since CT(o,-L.2.j_i)/i(Ai^„+i.f^fc) 
approaches yit weakly by Proposition l3.15| this d limit must be ^|_R_iUi?o- But then 
again by Holder continuity of entropy with respect to d and translation-invariance 
of (|S|) approaches h^(RQ \ with exponential rate as n ^ oo, which equals 

kin) by Corollary [3201 □ 

This result can be generalized to periodic boundary conditions as well. If A is 
a translation-invariant Z^-specification with q{A) < pc and t and b are periodic 
sequences such that 1, n, i, b is compatible with A, then fJ-{Ai^n,t,b) exists by Propo- 
sitions [3113] and [31131 and (^(Ai^n^t^f,))!^! (the p-higher power code of ^(Ai^„_t^b)) is 
translation- invariant. 
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Theorem 3.22. For any valid translation-invariant 1? -specification A with q{A) < 
Pc (with unique associated MRF fj, = /i(A) ), and any integer N and sequences t and 
b with period p such that l,n,t,b is compatible with A when n > N, there exist 
Q,R>0 such that |(l/p)(;i((Ai(Ai,„+i,t,b))W)-/i((^(Ai,„,t,b))W)-;i(Ai)| < Qe'^" 
for all n > N. 

Proof. The proof is nearly identical to that of Theorem 13.211 and so we only high- 
light the slight differences. Theorem 13.161 implies the exponential d closeness of 
relevant marginalizations of fJ-{Ai^n,tM) to substrips just as before. Then, since 
passing to {/^(Ai,„_t^f,))'^' multiplies the relevant d distances by at most p, wc still 
have the necessary exponential d closeness of marginalizations for these recoded 
strip measures. Since the (^(Ai_„_(^b))[^l are translation-invariant, the same proof 
as in Theorem 13.211 shows that h{{fj,{Ai^n-\-i,t,b))^'^^) — h{{fj,{Ai^n,t,b))^^^) approaches 
= ph{fi) exponentially fast. □ 



4. Interactions and Gibbs states 

In [P], similar techniques were used to show that the topological entropy of 
the hard square shift Ji is exponentially well approximable by differences of 
consecutive topological entropies of horizontal biinfinite strips. It turns out that 
this is a corollary of Theorem 13.211 the unique measure of maximal entropy ^ for 
H is in fact the unique MRF associated to a translation-invariant Z^-specification 
A satisfying g(A) < pc, in this case, for any finite set S and S € A^^ , will 
be uniform on configurations which are locally admissible in S" U dS. If one takes 
t = b — 0°°, then fJ,{Ai^n,t,b) exists for all n, and is the unique measure of maximal 
entropy for the n.n. Z-SFT composed of all locally admissible configurations on 
in H. 

We will use Theorem l3.22l to generalize the main result of [P] to some topological 
pressures by using some classical results of Ruelle regarding the relationship between 
equilibrium states and a class of Z^-MRFs called Gibbs states. 

Let AT be a nonempty n.n. Z'^-SFT X with language JC{X). We are mostly 
interested in the cases d — 1,2. An interaction on X is simply a real- valued 
function $ on C{X). For finite S and x £ Cs{X), define 

Usix)^Ulix)= J2 

S'CS 

For finite T C Z"^ such that S HT = 0, y e Ct{X) and xy G £sut(^), define: 
Ws{x,y)=Wl{x,y)= ^ ^{{xy)\T.). 

T'QSUT: T'nS=i0, T'nT^0 

A Gibbs state for an interaction $ on A" is a measure fi with support contained 
in X such that for any x,y such that xy G Csut{X) and ^{y) > 0, 

g-Us(x)-Ws(x,y) 

(10) fi{x I y) = = „-Us(.')-Wsi.',y) 

This agrees with the classical definition of Gibbs state (see Ruelle [Rue , Chapter 
1, in particular equation (1.15)) in the case of a n.n. SFT. Ruelle |Rue| (Chapter 
1) shows that if $ is bounded, then given any such $ and X, there is at least one 
Gibbs state fi (Ruelle's result is actually much more general). 
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An interaction $ is translation-invariant if it assigns the same values to all 
translates of a given configuration on a finite set. An interaction is a nearest 
neighbor (n.n.) interaction if it vanishes on all configurations other than those on 
vertices and edges. 

We now define a specification corresponding to (1101) for translation-invariant, 
n.n. interactions. For a finite set S dU^ and z e £5 (A"), let 

Hz,S) = Y,^{z{u)). 

ues 

For a finite set E of edges in E{'E'^) such that UeeE e C 5 and z G £5 (AT), let 

<i>(z,i?)-^<i>(z|,). 

eeE 

The Gihhs 1/^ -specification determined by $ and X , denoted by A$_Xj is defined 
as follows. For any finite 5 C Z'', x G , and 6 e Cqs{X), 
(11) 

( , exp(-^(x, S) - <i>(x,5, S) U 55))) 

E{.'eAS: .'secsuosix)} exp(-$(2;', 5) ~ a>(x'<5, 5) U 95))) 

if a;(5 G CsudsiX), and A|^^(x) = otherwise. For S £ yl^'^ \ CdsiX), set A| = 
A|, for some arbitrary (5' G £as(X) (note that £gs{X) is nonempty since X is 
nonempty). In this case q{Ag,^x) is determined only by {A^ x}seCix)- 
If T is finite, dS CT CZ'^\S, xy e Csut{X), and 5 = y\as, then 

L/5(a;) = $(a;, S) + <i>{x, E{S, S)) 

Wsix,y) = Ws{x,6) = 'S>{xS,E{S,dS)), 

and so for any Gibbs state /i for $ on AT, the conditional probabilities (jlOp reduce 
to iJ,{x I y) = A|, (x). Since /i is supported in AT, all other conditional probabilities 
^{x I y) are spurious, and so ^ is a Z'^-MRF associated to A^^x- Since there always 
exists a Gibbs state for $ and X (by Ruelle's result above), Aq,^x is valid. We 
also note that since $ was assumed to be translation- invariant, A$_x is translation- 
invariant as well. 

Given a translation-invariant n.n. interaction $ on a n.n. Z^-SFT A', we will find 
it useful to represent a corresponding Gibbs state as a Gibbs state for an interaction 
which is non-zero on a single finite set, namely the set A = {(0,0), (0, 1), (1,0)}. 
Specifically, define 

(12) ^(x) = $(a;|{(o,o)}) + *(a;|{(o,o),(o,i)}) + *(a;|{(o,o),(i,o)}) 

for x e Ca{X). 

Proposition 4.1. Any Gibbs state for ^ on X is a Gibbs state for ^ on X . 

Proof. For a horizontal edge e — {u,u -f (1,0)} let — {u,u + (0, 1)}. For a 
vertical edge e = {u,u (0, 1)} let = {u,u -\- (1,0)}. For a finite set S, let 
D{S) = {edges e : e n 5 = and e E{S, dS)}. 

For finite T such that dS C T C Z'^ \ S, x e A'^ , and y e Ct{X), if xy e 
^suriX), then letting (5 = y|g5, we have 

Ulix) + Wiix, y) = $(a;, S) + $(x<5, E{S, S) U i?(5, dS)) + ^{xy, D{S)) 
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Note that the last term in this expression is the same if we replace x by any 
x' G such that x'S £ Csudsi^)- It follows that for a Gibbs state for $ on X, 
the conditional probabilities (|10l) reduce to the specification determined by (f> and 
X. 

□ 

We conclude this section by presenting two interactions on n.n. Z'^-SFTs which 
define historically important Gibbs measures. We will return to these examples 
later in the paper to demonstrate how later results apply to them. 

1. The hard-core model with activity a is given by X equal to the 1? hard 
square shift T-L and translation-invariant n.n. interaction $ defined by — au{v) 
for u a configuration on a vertex v and ^(u) = for u a configuration on an edge. 
In this model, a can be thought of as the "weight" given to the symbol I. 

2. The 1? Ising antiferromagnet with external magnetic field h and temper- 
ature r = ^ is defined hy X = {±1}^ and translation-invariant n.n. inter- 
action $ defined by ^(u) ~ —f3hu(y) for u a configuration on a vertex v and 
$(w) = j3u{vi)u{v2) for u a configuration on an edge {wi,W2}- In this model, h is 
an external influence which gives individual sites a preference between I and — 1, 
and /3 can be thought of as the "penalty" imposed to aligned adjacent sites; when 
/3 is very large, adjacent sites are more likely to differ. 

5. Strongly Irreducible SFTs 

We from now on restrict our attention to a specific class of n.n. Z^-SFTs with 
very strong topological mixing properties. 

Definition 5.1. A n.n. 1?-SFT X is strongly irreducible (with filling distance L) 
if for any finite S,T CZ with d{S,T) > L, and any x G Cs{X),y G Ct{X), it is 
always the case that xy G £5ut(^)- 

Our first use of strong irreducibility is to present a sufficient condition for a 
Z^-MRF to be fully supported within an SFT. 

Proposition 5.2. If X is a strongly irreducible n.n. 1?-SFT and A is a valid 
7? -specification such that xS G jC{X) => A^{x) > 0, then any 1?-MRF associated 
to A whose support is contained in X is fully supported on X . 

Proof. Denote by L the filling distance of X . Let /i be any Z^-MRF associated 
to A whose support is contained in X. Fix any w G £[_„ „]2(X) and any 5 G 
j^d([-n-L,n+Lf) g^^}^ thai S has positive yit-measure. Since the support of fi is 
contained in AT, 5 G C{X). Therefore, by strong irreducibility of X, there exists 
X G £[_„_i^„+i]2(X) with a;|[_„_„]2 = w and x6 G C{X). By the assumption on 
A, A*(x) > 0, and since fj. is associated to A, this means that iJ.^{x) > 0. But then 
since fi{5) is positive, fi{x) is as well. Since w is a subconfiguration of x, fJ-{w) > 0. 

□ 

From this, we can conclude a fact about certain valid Z^-specifications supported 
on strongly irreducible n.n. Z^-SFTs that will be useful later. 

Proposition 5.3. Let X be a strongly irreducible n.n. Z^-SFT and A be a valid 
-specification such that xS G C{X) => A^(x) > 0. Assume that there exists a 1? - 
MRF associated to A whose support is contained in X and that q{A) < 1. Then for 
any rectangle R and (5, 5' G CdR{X), there exists u G such that 6u, 5'u G C{X). 
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Proof. Consider such X, A, R, S, and S' , and let /i be a Z^-MRF associated to A 
with support contained in X. By Proposition [521 M is fully supported on X. 

Without loss of generality, we assume R = [0, m] x [0, n] for some nonnegative 
171,71. We begin by proving the proposition for m = n = 0, i.e. R = {(0,0)}. 
Consider any C, C' £ '^^(o o) i-^)- Then by full support of fi on X, /i(C), m(C') > 0. 
Since q{A) < 1, there exists a G such that A^ (a), A''' (a) > 0, and since 

is associated to A, /x^(a),/Lt'» (a) > 0. Therefore, fi{(a) , a) > 0, and since the 
support of fi is contained in X, (a,('o, G jC{X). 

We will use this fact to deal with general R. Define by ri , r2, . . . , rmn the elements 
of R, listed in lexicographic order (i.e. the bottom row from left to right, then the 
next row from left to right, etc.) For each k G [0, mn], define Rk = {j^ijiUi. We 
define u letter by letter, on the sites in order. Suppose that for some k G [0, mn), 
we have defined Uk G A^'' such that Suk,S'uk G C{X). We must define Uk+i G 
y\Rk+i guch that Uk+i\B.k = ""fc s-iid Suk+i,S'uk+i G C{X). 

Define C = AV^^^ \ {Rk U 9i?), the set of neighbors of Vk+i which do not have 
letters assigned to them in (5, S', or Uk. Clearly, since Suk and S'uk are globally 
admissible in X, there exist r],?]' G Cc{X) such that SijUk, S'rj'uk G >C(Ar). Define 
C = ('577Ufe)k.,^, and C = (<5'r7'wfe)k.,^, ; clearly CC G /:(^). 

Then by the proof of the proposition for R consisting of a single site, there exists 
a G C[rk+i}{X) such that (aX'a G C{X). Then from the facts that AT is a n.n. 
SFT, that C, C e ^^"^+1 , and that 6r]Uk and S'rj'uk are globally admissible in X, 
we can conclude that SrjUka and S'rj'uka are globally admissible in AT as well. But 
then trivially Suktt, S'u^a G C{X), and so we can take uu+i = uua. 

This inductive process eventually yields Um„ G for which Sumn,6'umn G 
>C(Ar), and so by taking u = Umn we are done. 

□ 

Our main application of strong irreducibility is, for any Gibbs specification A$_x, 
to guarantee the existence of periodic rows t, b such that (A$^x)m,n.t,6 is valid for 
n — m large. 

We first recall the result of Ward [War] that any strongly irreducible n.n. Z^-SFT 
X has a globally admissible periodic row (i.e., a periodic configuration on Z x {0} 
which extends to an element of X); in fact, every such SFT has a doubly periodic 
element, though we will not need this fact here. 

For integers m < n and globally admissible periodic rows t, 6, let Xm,n.t,b be the 
set of all configurations x G Jl^^l"^--^^] such that txb is locally admissible. Note that 
all elements of X,n,n,t,b are in fact globally admissible. 

Proposition 5.4. Let X he a strongly irreducible n.n. 1? -SFT and<^ be a translation- 
invariant n.n. interaction on X. Let t and b be periodic rows which are globally 
admissible in X (which always exist by |Warj ). Ifn — m exceeds the filling distance 
of X , then m,n,t,b is compatible with A$.x (and therefore by Proposition \3.lB 
(A$,x)m,n,t,fc is valid). 

Moreover, there is an MRF associated to (A$,x)m,n,t,fc supported in X„i^n.t,b- 

Proof. Let t and b be such rows. Since A$.x is Gibbs, it is valid, and so has an 
associated MRF /i supported in X. Let m, n be chosen so that n — m exceeds 
the filling distance of X. Then for all k, there exists Wk G ^[-k.k]-K[m~i.n+i\{^) 
whose top row is i|[-fe,fe] and bottom row is b\y-k,k]- Proposition 15.21 applies to 
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fj,, and so fi{wk) > 0. Thus, m,n,t,b is compatible with A$^x (by taking 6k = 
Wk\d{l-k+i,k-i]x[rn,n]) in the definition of compatibihty) . 

The measure obtained as in Proposition 13 . 1 3l from the Sk is clearly supported in 

□ 

For any translation-invariant n.n. interaction $, strongly irreducible n.n. Z^- 
SFT X with filling distance L, globally admissible periodic t and b, and m, n with 
n — m > L, for notational convenience we denote by A$_x.m,n.t,6 the specifica- 
tion (A$_x)m,n,t,fc which by Proposition 15.41 is valid. If in addition q{A) < 1, 
then by Proposition 13.141 there is a unique i?m,n-MRF iJ,{A^^x,m.n,t.b) associated 
to A$^jcm,n,i,b, which wB Call the induced Gibbs state for $ and X, and which, 
again for convenience, we denote by n<^,x,m,n,t,b- By Proposition l5.4l ^a) y -m ^ t h is 
supported in X„i^n,t,b- 

6. Induced Gibbs states as one-dimensional Markov Chains 

Our eventual goal is to use the results of Sections [3l|4j and[5]to give an algorithm 
for approximating certain topological pressures by means of induced Gibbs states 
on strips. For this procedure to be useful though, it must be the case that these 
induced Gibbs states are tractable measures to deal with. Under some elementary 
assumptions, this does turn out to be the case; in fact the induced Gibbs states 
turn out to be Markov chains. 

Let X be a strongly irreducible n.n. Z^-SFT with filling distance L, $ a 
translation-invariant n.n. interaction on X such that q(A$^x) < 1, and let ji be 
any Gibbs state for $ on X. Let t and b be globally admissible periodic rows for 
X, which for now we assume to be constant (though such rows may not exist in 
general): t = t^, b = Let m, n be integers such that n — m > L. 

Let Cm,n,t,b denote the set of all "locally admissible columns compatible with t 
and &" on Hm,m i-e., all ■ ■ - Xn such that XiXi+i £ £2 for i = m, . . . , n — 1, and 
boXm,Xnto 6 £2- Let £m,n,t,b dcuotc the set of all locally admissible (n — m + l) x 2 
rectangles, i.e., ordered pairs of columns (a;,„ ... x„, ?/,„... € (Crn.,n,t,bY such 
that Xiyi € £i for each i = m, . . . ,n. 

Observe that Xm,n,t,b (defined near the end of Section[5]) is the n.n. Z-SFT on the 
alphabet Cm,n,t,b defined hy £ = £m,n,t.b- Here, we are identifying a configuration on 
a finite interval of Z over the alphabet Cm,n.t,b with the corresponding configuration 
on a finite rectangle in Z x [m, n] over the alphabet A. Recall that since t and b 
are globally admissible and X \s & n.n. Z^-SFT, we have C{Xm,n,t,b) C C{X). 

Denote by K^,x.m,n,t,b the restriction of the specification A<i)_x,m,n,t,6 to configu- 
rations 5 of the form d{H„i,m F x [to, n]) for finite sets F. We think of A$^x,m.n,t,() 
as a Z-specification over the alphabet . 

Corollary 6.1. If X is a strongly irreducible n.n. iF'-SFT, $ is a translation- 
invariant n.n. interaction for which (7(A$ x) < ^, t,b are globally admissible con- 
stant sequences, andn—m exceeds the filling distance of X , then q{h.^^x,m,n,t,b) < 1. 

Proof. To show that q{A^,x,m.n,t,b) < 1, it suffices to show that for any c, c' € 
C^-i}{X,n,n,t,b) and d,d' e C^i}{Xm,n,t,b) such that cd,c'd' £ C{Xm,n,t.b), there 
exists e G C^o}{Xm,n,t,b) such that ced,c'ed' G C{Xm,n,t.b)- (This is sufficient since 
A$_x, being a Gibbs specification, has the property that A| xi^) > ^ ifuS G C{X).) 
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However, note that this is equivalent to showing that for any (5, 5' G l^d{{'i\ x [m,n]) (^) 
with to at the top and at the bottom, there exists u e such that 

5u,5'u e This is a straightforward consequence of Proposition 15.31 which 

can be appUed since A$.x is the Gibbs specification determined by $ and X and 



Corollary 6.2. //X is a strongly irreducible n.n. 1?'-SFT, ^ is a translation- 
invariant n.n. interaction for which q{A^,x) < 1, t,b are globally admissible con- 
stant sequences, and n — m exceeds the filling distance of X , then Xm,n.t,b is a 
mixing Z-SFT. 

Proof. By Corollary [Ol q{^<s>,x,m,n,t,b) < 1- We prove that X,n,7i,t,b is mixing by 
using some well-known facts about the structure of n.n. Z-SFTs. In particular, we 
show that Xm,n,t,b is irreducible and aperiodic; for more details on these properties 



We first show that Xm,n,t,b is irreducible. Assume for a contradiction that it is 
not. Then there exist at least two nontrivial irreducible components C, D C Crn,n,t,b- 
But then clearly we have a contradiction to q{A^,x,m,n,t,b) < 1; a boundary con- 
figuration consisting of two letters from C can only be filled in a globally ad- 
missible way with a letter from C, and the same is true for D. Since C and D 
were nontrivial components, there exist such boundary configurations S, 5' which 
are globally admissible, and since C n Z? = and K,^^x is supported on X, 

^(^*,x,m,n,t,6i ^*,js:,m,n,t,&) — 1- Therefore, our original assumption was wrong 
and Xm,n,t,b is irreducible. 

It remains to show that Xm.n.t,b is aperiodic, which is done in the same way; 
suppose for a contradiction that Xm,n,t,b can be partitioned into period classes 
Pi, . . . , Pfc, k > 1. Then if we take (5 to be a globally admissible boundary config- 
uration in Xm,n.t,b consisting of a letter from Pk on the left and a letter from P2 
on the right, and d' to be a globally admissible boundary configuration in Xm,n.t,b 
consisting of a letter from Pi on the left and a letter from P3 (mod fe) 011 the right, 
then S and S' can only be filled with letters from Pi and P2 respectively. Again, 
since Pi nP2 = 0, this contradicts q{A^,x,m,n,t.b) < 1, so Xm,n.t,b is aperiodic and 
irreducible, therefore mixing. 



The induced Gibbs state /i$.x,m.n,t,6 can be viewed as a measure on {C„i^n.t,b)'^ 
supported in Xm,n,t,bi and when viewed in this way, it is a Z-MRF associated to 
Ai,x,m,n,t,b- We will show that when viewed in this way fJ,i^^x,m,n,t,b is a translation- 
invariant irreducible Ist-order Markov chain, with a transition probability matrix 
defined explicitly in terms of $. 

We first describe A$.x,m.n,t.6 explicitly in terms of For a configuration z on 
a finite set U C Z x {n} let 



□ 



see [LM] . 



□ 



ueu 

For a configuration z on a finite set U C Z x {m} let 
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Let R = [-k, k] X [m, n], x G A'^, 6 G A^^^'""'-"^ such that x6 G C{Xm^n.t,b)- From 
(fTTj) and (H]), we have: 

/TON T-^ / N _ exp(-A(x,(5)) 

[lA) ^^iS>.X,m.n,t.b\-'^) 



EiweA^^: ^«5e£(x„,„,,,,)} exp(-^(w, S)) 
where 

(14) 5) = $(z, i?) + E{R, R) U 9(7?, i?„,„))) 

+ $+(z, i? n (Z X {n})) + $_(z, i? n (Z X {to})). 

We claim that A^^x,m,n,t,b can be expressed as a Z-specification determined by 
a n.n. interaction $m,n,t,b on Xm,n,t,b- We define $m,n,t,f) to vanish on aU finite 
configurations other than those on edges mSmntb, and on such edges, it is defined 

by 

(15) '^m,n,t,b{Xm ■ ■ ■ Xn, Urn ■ ■ ■ Vn) — 

\ \i—m / \i—in / \i—7n / / 

Let R = [-k,k] x [to, n], x e A'^ , 6 e j[d{R.M^,„) g^^j^ ^^isLt xS £ C{Xm.n.t,b)- 
Observe that 

(16) (x) = exp(~i3(x,,5)) 

^ ^ E{..^- ...^(x„,„,,)>exp(-B(^,<5)) 

where 

(17) B{z,d)^ 

k-l 

(*i'm,n,t,b(^|{j}x[m,n]7 2:|{j + i}x[m,n]) + '^'m,n,^6 (z | {fe} x [m,n] ; ^1 {fc+1} X [m,n] )) 

j=-k 

) = yl(z,(5) + C(5), 

where 



(5(-fe-l,m) 
bo 



'i:*(™')h* 



if) 

6{-k-l,n) 



Comparing ([14]), ((16]) and ([TT]), we see that 

for all (5 e Cd(R,H,„,^){Xm,nA,b)- Since /^$,x,m,n,t, bis supported in Xm,„,t^f,, it follows 
that ^i.^^x,m,n,t,bi when viewed as a Z-MRF, is a Gibbs state for the interaction 

.n.t.b OH ^m.n.t.b- 

Let A^^x,'m,n,t,b be the square matrix indexed by Cm,7i,t,b and defined by 



(18) (^*,X,m,n,t,b)c,d 



otherwise. 
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We will frequently suppress the dependence of A on X, m, n, i, 6 when it causes 
no confusion. 

By Corollarv l6.2[ we may assume (by deleting elements of Cm,n.t,b which do not 
actually appear in Xm,n,t,b) that A is a primitive matrix. Let X{A) represent the 
Perron (i.e., largest) eigenvalue of A. By Perron- Frobenius Theory, there are unique 
(up to scalar multiples) right and left (positive) eigenvectors u — u,^^x.m,n.t,b and 
V = v^,x,m,n,t.,b Corresponding to X{A). 

Let n — x.m,n.t,b (again, dependence will frequently be suppressed) be the 
(primitive) probability transition matrix indexed by Cm,n,t.b defined by 

X{A)v{c) 

Proposition 6.3. Let ^ be a translation-invariant n.n. interaction on a strongly 
irreducible n.n. 1?-SFT X . Let t and b be globally admissible constant rows and 
assume that n — m exceeds the filling distance of X. Assume that q(A$^x) < 
1. Then the induced Gibbs state H^^x,m,n,t,b for $ and X is a one- dimensional 
translation-invariant mixing Ist-order Markov chain with probability transition ma- 
trix n$,x,m,n,t,6. 



Proof. This is a special case of a much more general result |Ge) (Theorem 10.25). 
However, the proof in our case is much simpler, as follows. 

Write /i = ll<i>,X,m,n,t,b, U = U$,X,m,n,t,b, V = V<s>^x ,m,n,t,b and A = X{Aq,^x,m,n,t,b)- 

We assume that u and v are normalized so that u ■ v — I. Fix any fc > 0. 

Since is a Gibbs state for the interaction ^m,n.t,b on Xm,n.t,b, for any positive 
integers k,i and any x_fe, . . . , X-i,xo G Cm,n,t,b, 

IJ.{xo\x-i,. . . ,x-k) = ^ fi{xe\x-i, . . . , x-k)n{xo\xi,x-i, . . . ,x-k) 
= ^^(xf |a;_i, . . . ,x_fe) ^ [i{xQ,xx,. . . ,xt-x\xi,x-x,. . . ,x-k) 

Xi x-i,....xi^i 



X£ Xl,...,X£ — l 



A A ... 4 

-'T^rr 1 CTn -i^Xc\X-\ -'T-.T 



E/ I \ -^X-iXq^XqXi -^Xi-iXg^ 
fiixe\x.i,...,x.k) 2^ J A , 

xe Xl,...,Xf^^ ^x'g,x[,...,x'^_-^^x.iXg^XgX^ ^x^ 

Ax^ixo (^ )xoxi 



y^^^l(xi\X-i,...,X-k)- 



Since A is primitive, by [LM] (Theorem 4.5.12) we have that lim^_j.oo — ^ 
VcUd. Thus, given e > 0, for sufficiently large £, ij,{xq\x_i, . . . , x_k) is within e of 

E, I .Ax_ixo''^xo'^xe Ax_-ixo'^xo 
^i[Xi\x^l,. . . , x^k) r — = r— 
Vx^iUxgX Vx^iX 

Thus, iJ,{xo\x-i, . . . , x^k) = °i7^'°°a''° ~ ^x^i.xo- In particular, fi is a translation- 

^ — 1 

invariant mixing Ist-order Markov chain. 

□ 
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7. Pressure and equilibrium states 

We now turn to our main application of Theorem 13.221 the approximation of 
certain topological pressures on strongly irreducible n.n. Z^-SFTs. 

We recall that for any n.n. Z'^-SFT X and / G C{X), an equilibrium state is a 
translation-invariant measure ji on X for which h{^) + J / d/i is maximized, and 
that this maximum P{f) is called the topological pressure of / on X. Our main 
tool is Theorem 4.2 from [Rue], which proves that any equilibrium state is a Gibbs 
state. 

Let X be a strongly irreducible n.n. Z^-SFT X and $ be a translation-invariant 
n.n. interaction such that g(A$.x) < Pc- Define $ as in (fT2|) . Let /$ : X — !> i? 
be defined by — — ^(xIa)- In this case. Theorem 4.2 from |Rue) shows that 

any equilibrium state for /$ is a Gibbs state for $. (In fact, this is the reason 
for defining $: technically Theorem 4.2 from |Ruej applies only to interactions 
supported on configurations on a single shape.) According to our Proposition 14.11 
any equilibrium state for is a Gibbs state for $ as well. 

Since X is strongly irreducible, there exist t, b globally admissible periodic rows 
in X. We for now assume that i, h are constant, and deal with the general periodic 
case later. For any n which exceeds the filling distance of X, let A„ = \{A^^x,i,n,t,b)- 

Theorem 7.1. Let X he a strongly irreducible n.n. 1?-SFT and ^ be a translation- 
invariant n.n. interaction on X .such that q{A^^_x) < Pc- Let t and b be globally 
admissible constant rows. Then there exist constants Q, R > such that for suffi- 
ciently large n, 

logA„+i - log A„ - P(/*)| < Qe-*'. 

Proof. Let /i be an equilibrium state for i.e., P{f<^) = h{fi) + J f,^dfi. By the 
discussion above, /i is a Gibbs state for ^ on X and, by Theorem 13.91 is the unique 
Z^-MRF associated to the Z^-specification A — Ag,^x- 

Combining Proposition 16. 31 with the well-known characterization of unique equi- 
librium states of locally constant functions as Markov chains (see jKri p. 99], fBT), 
we see that for any n larger than the filling distance of X, /i$,j>c.i,n.t,b is the unique 
equilibrium state for $i,,i,t,6 on the Z-SFT Xi,n,t.b, and logA„ = P{^i.n,t,b) — 

^(M*,X,l,n,t,6) + / ^l,n,t,bdf"S>,X,l,n,t,b- 

By Theorem 13.211 and Proposition 15. 4[ there exist constants Q,R such that for 
sufficiently large n, 



\h{fJ.<;>,X,l,n+l,t,b) — h{fi^^xs,n,t,b) — h{fl)\ < 



-R.n 



It remains to show that / <i>i,„-i-i,t,h c?^*,x,i,n+i,t,6~/ *i,n,t,6 dfj.^^x,i,n,t.,b converges 
exponentially fast to / /$ c?/i. Recalling the definition of ^i,n,t,b (ifTSj)). we see that 
/ $i,„+i,t^6d^$,xa,ri+i,i,fc - / ^i,n,t,bdfJ-j>,x,i,n,t,b Can be decomposed into a sum of 
the form 



(20) ^ (^j F{x)dfl,;>^x,l,n+l,t,b - J F{x)dfi,s>,X,l,n,t,b 

+ X! (^J ^i'^{o,i)^'))dlJ"S>,x,i,n+i,t,b - J F{x')dn^^x,i,n,t 

+ / (/$ ° f(0,-Ln/2j))c'M$,X,l,n+l,t,b, 
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where each x in the first sum is a configuration with shape a vertex or edge contained 
in {0, 1} X [1, [n/2j], each x' in the second sum is a configuration with shape a vertex 
or edge contained in {0, 1} x [[n/2j , n], and F{x) can represent any of the functions 

^{x), $ , or $ (^°^ . (Clearly, in the latter two cases, x must be a configuration 

on a single site contained in the bottom or top row respectively.) 

Since distribution distance is dominated by d distance, by Theorem 13.161 there 
exist K, L > such that for any configuration x with shape a vertex or edge 
contained in {0, 1} x [1, [n/2j], 

(21) |M<[',Xi,n+i,t,fc(2:) - fi^^x,i,n,tAx)\ < Ke~^"^^. 

Similarly, for any configuration x with shape a vertex or edge contained in {0, 1} x 
[Ln/2j,n], 

(22) |M*,X,l,n+l,t,b(o'(0,l)2^) - /^$,X,l,n,t,fc(2^)| < Kcr^"'^'^. 

By (PTjl and (P^ . if we take Q' = Kmaxx |$(a;)|, then each of the first two sums 
in is less than STiQ'e^^''/^ 

The third term of ([^0]) converges to / by Proposition l3.15[ and is exponen- 
tially Cauchy by (PT|) and (P^ . Therefore, there exists Q" such that for sufficiently 

large n. 



□ 



Therefore, ||^D|) is exponentially close to J f<!,dfi 



We now consider the general case where t and b are globally admissible periodic 
(but not necessarily constant) rows with common period p and generalize Theo- 
rem 17.11 to this case. Since such t and b always exist, this will yield a way to 
efficiently approximate -P(/$) for any translation-invariant n.n. interaction $ on a 
strongly irreducible n.n. Z-^-SFT X for which q{Ag,^x) < Pc- 

Let denote x[[0'P-il^{o>l, the {[0,p - 1] x {0})-higher power code of X, 
which is a n.n. Z^-SFT over the alphabet ^[''1 := £[o,p-i]x{o}(-''^)- Define a new 
translation- invariant n.n. interaction ^^P' on as follows: 

. On vertices: $[p1(N • • • , ^^p-i]) = EVo ^(^^O 

• On horizontal edges: $[^1 ([xq . . . , Xp-i] [yo • ■ • , J/p-i]) = 'i'(a;oa;i) + ... + 
^{xp^iyo) 

. On vertical edges: $M f I;-'^"-!) ^ $ f^U . . . + $ f^-^) 

Let tM, be the constant rows (i|[o,p-i])^, {h\[Q,p-i]f e (A^p^)^. Then t^, 6^ are 
globally admissible in X . 

If q{A^[p] xip]) < Pc, we can simply apply Theorem 17.11 to achieve exponentially 
converging approximations to P(/$b]), and it is fairly easy to see that P{f^ip]) — 
pP{f<^)i so we would be done. However, by examining the definitions, we see that 
it could be the case that q{K^[p] xbi) > 9(A*,x), and so we must take a more 
circuitous route. 

As earlier, we can define $'^'m,n,t[pi,6[pi on {X^^)^ „ ^[p\ and the corresponding 
matrix ,m,n,t[pi,b[pi • For fixed X, $, t, b, p and any n greater than the filling 
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distance of we make the notation vllf' :— ^$[p].x!pi,i,n,t[pi.hipi and A[f' := 

A(A|f'), the largest eigenvalue of A^^"^ . 

Theorem 7.2. Let X he a strongly irreducible n.n. 1?-SFT and $ a translation- 
invariant n.n. interaction on X. Let t and h he glohally admissihle periodic rows, 
with common period p. Assume that q{K^,x) < Pc- Then there exist constants 
Q, R > such that for sufficiently large n, 

|(l/p)(logA[fii - logAW) - P{U)\ < Qe-^\ 

Proof. Define = A$[p] j^ip]. We will now verify that ^(AW) < 1. Any bound- 
ary configurations 5^p\5'^p^ e Cn^^ ^^■^{X^p^ ) correspond to configurations 5,5' S 
i3a([o,p-i]x{o})(^)- By Proposition [5]3] (which we may use because q{K,i> x) < Pc < 
1), any such 5,5' have a common globally admissible filling in X, which implies 
that (5W,(5'W have a common globally admissible filling in X^p\ which has positive 
(AW)'^'"', (AW)^''"' -values since A^ is a Gibbs specification. 

Therefore, by Proposition I3.14| for large enough n, there is a unique induced 
Gibbs state /x$[p] i n tM bbi for A:W and By again using Proposition 16.31 

and ([Ea p. 99], [Bl]), 

M^IpI xIpI 1 n tipi.fcfp] is the unique equilibrium state for 
*''''i,n,tW,6[Pi on (A:W)i_„ t[p] f,[p] and 

(23) logAjfl = P($[Pli,„,t[p],6[Pi) = ^(Ai<i.ipi,xM,i,„,tW,bM) 

+ J ^^P\,n,tM.bM d^i^lp],xM,l.n,tM,bM- 

We now must show that the differences of the right-hand sides of (|23|) for n and 



1 in fact converge exponentially fast to pP(/$), which is done in much the same 
way as in the proof of Theorem 17.11 We again take an equilibrium state fi for /$ 
and X, which is a Gibbs state for $ on X and is the unique Z^-MRF associated 
to the Z'^-specification A$^x- Since (?(A$.x) < 1, we may define the unique MRF 
lJ"S>,x,i,n,t,b associated to A$^x,i, 

We claim that tJ-^ip]^xip],i,n. tip'i,bM = (M$.x,i,n,t,())'^^ • This follows from Propo- 
sition [3lT4] and the fact that q{A^P^) < 1 once one verifies that (M*,x,i,ri,t,b)'^' is 
associated to (A^^^)-^ „ j[p] = A<j,[p] xM i n tW bi?!- This is straightforward (but a 
bit tedious), and we leave the details to the reader. Thus, (1^51) becomes 

logAlfl = /i((Ai*,X,l,„,t,6)[^l) + / ^l.„t[Pl fc[Pld((M*,X,l,n,t,b)'Pl). 



By Theorem[321 /i((M$,x,i,n+i,t,fc)'^') - /i((M$,x,i,",t,fc)'^') converges exponentially 
to ph{ii). Arguing the same way as in the proof of Theorem 1 7. 1[ we see that 

*'^ll,n+l,tM,bW'^((M<i',X4,«+l,t,6)'^') - J *[Pll,„,tW,6[Plrf((M*,X,l,n,t,b)'^') 

converges exponentially to / /^bid/i — j X]r=o^(/* °'-'^(i,o))'^/^ ~ P I where the 

latter equality comes from translation-invariance of fi. 

Thus, (l/p)(log A[f|j — log An') converges exponentially to P(/$), as desired. 

□ 

We will make a brief aside here to consider the utility of this theorem. For a 
n.n. Z^-SFT X and translation-invariant n.n. interaction $ with associated Gibbs 
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specification A$,x, recall that A|, is defined by a formula involving X and <i> for 
every b & Ln^o (^)i and then for any other 5' E ^^(o ") , A| ^ is just defined to 
match one of the existing A|, ^. This means that q{Ac^,x) is, in reality, a minimum 
variational distance between A|, and A|, for globally admissible S, 5' only. 

It is well known ([Be]) that checking whether or not a given configuration is 
globally admissible in a n.n. Z^-SFT can be undecidable, and so certainly algorith- 
mically impossible. However, it is shown in Corollary 3.5 of |HM) that for a strongly 
irreducible n.n. Z^-SFT, global admissibility of a configuration is algorithmically 
checkable. 

In practice however, this checking process can be very time-consuming, and so 
it is often easier to consider a "simpler" version of g(A$_j!f)- Assume that $ is 
defined on all of U £1 U £2 ■ Say that a configuration 5 e ^^(o,o) ig fiUable if there 
exists X e ^{(O'")} such that x5 is locally admissible. For tillable S, the formula 
makes sense and we can define 

q{A<s>,x) = maxd(A|^^, A|,^) 

where the max is taken over only tillable configurations 6, 6' S A^'-°-°^ . Then 
g(A$^x) < 9(A$,x), and so if q{A,i,^x) < Pc, q{A<i,^x) < Pc as well. Since com- 
puting g(A<i,_x) only requires finding the set of locally admissible configurations in 
X with shape {(0, 0)} U -/V(o,o)j it is a far easier quantity to find. 



8. COMPUTABILITY 

We now address the issue of how efficiently our methods can be used to ap- 
proximate P{f<i>) for a function /$ induced by a n.n. interaction $ on a strongly 
irreducible n.n. SFT X. 

We define a G M to be a computable number if there exists a Turing machine T 

Pn 

which, on input n, outputs a number S Q such that a < 2^". For any 

sequence of positive integers we say that a is {r„ {-computable if there exists 

such a Turing machine T which computes ^ in less than r„ steps for all sufficiently 



large n. (For more information on computability theory, see [Koj .) 

We say that $ is {r„ {-computable if each value ^{w) in the range of $ is 
computable. 

Theorem 8.1. For any {rrJ\- computable $ and strongly irreducible n.n. 1?-SFT 
X for which g(A$_x) < Pc, there exist constants B, C , and J such that P{f<i>) is 
{J" + Br cn}- computable. 

Proof. We will not include every detail of the argument, but just describe the algo- 
rithm for approximating P(/$) and summarize the most computationally intensive 
steps. For a similar argument with more details included, see [P. 

Some preprocessing must be done before any approximations. Firstly, a globally 
admissible periodic row t for X must be found; a careful reading of the proof in 
[War] shows that this can be done algorithmically. Denote by p the period of t. Also, 
we invest a finite number of steps to find explicit integers L and U which bound 
all ^{w) from below and above respectively. This finite amount of computation is 
negligible compared to the computation times in the theorem, and so we may safely 
ignore it. 
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Then, by Theorem 17.21 there exists R> such that for sufficiently large n, 

\l/p{logX{A^ip]^xipLi,n+i,tip],tip]) -'^ogX{A^ip]^xip],i,nAM,tip])) -^(/*)| < 0.2e~-"". 

To approximate to within 2^", it then clearly suffices to approximate 

H^'S>ipi,xip^,i,k,tipi,tipi) and XiA^ip]^xipi,i,k+i,tipi,tM) to within 0.4 • 2~", where k = 
"T^^R^l- It obviously suffices to describe the procedure for XiA^ip] xip] .i,k,tM ,tM) ■ 
We from now on refer to A^[p] xM.i k tbi tbi simply as A for ease of reading. 

The entries of A, indexed by legal columns c and d, are all of the form e~ ^ , 
where the sum is always over a set of at most Akp configurations which are easily 
computed in polynomial (negligible) time in fc, given t, c, and d. Therefore, the 
smallest nonzero entry of A is at least e"'"^^'^ and the largest entry is at most 
g-4fepL^ We now wish to approximate each entry of A to within a tolerance of 
0.2|yt|~''Pe~'^''P^e^''P^2~". We first approximate each individual to within 

j^\A\~^^e~'^''i'^ e^^'P^2~^ . Since k is linear in n, this expression is only exponen- 
tially small in n. Since each $(?«) is {r„}-computable, there exists C so that such 
an approximation can be found for each '^{w) in fewer than rcn steps for sufficiently 
large n, and so a collection of such approximations for all can be found in fewer 
than Brcn steps, where B is the constant number of configurations w for which 
^{w) ^ 0. For each entry Ac.d — e^5i;*(™) of A, we then have an approximation 
to -Y,^{w) within a tolerance of 0.1\A\^'"Pe~^''P^ e^''P^2~'^ , which yields an ap- 
proximation to Ac,d = e-^*("') to within a tolerance of 0.2|^|-'=Pe-'*'=P^e'"=P^2-" 
for large enough n since Ac^d < e"^'^^^. 

We then have a matrix A in which each entry is within 0.2|yl,|~'^Pe~'*'^P^e'"^P^2~" 
of the corresponding entry of A. Since this matrix has only exponentially many 
entries (the size of A = A^ip] ^xM .i.k.tM ,t^pi is at most the size of the alphabet of 
'^I'lctM tipi' '^hi'^h is at most l^l*^^), and since each approximation only involves 
summing previously recorded approximations to $(w) and exponentiating, there 
exists F so that A can be computed in fewer than F" + Brcn steps for sufficiently 
large n. 

Then (1 - 0.2|^|-'=Pe'"=P^2-")A < 1 < (1 + 0.2|^|-'=Pe'"=P^2-")A, and by 
monotonicity of the Perron eigenvalue, (f - 0.2|y^|-'=Pe'"''P^2-")A(A) < \{A) < 
(1 + Q.2\A\-^Pe^''P^2-'^)\{A). Since clearly \(A) is bounded from above by the 
maximum row sum of A, which itself is less than \A\^'^ e^'^^'^'" , this means that 
|A(I)-A(A)| <0.2-2-". 

All that remains is to approximate \{A) to within a tolerance of 0.2 • 2^". Since 
A and A have the same nonzero entries, and since A is primitive, there exists 
N = N{k) such that A^ has all positive entries. We assume that N is the smallest 
such integer, which is called the index of primitivity of A. It is well-known ( jHor J) . 
Corollary 8.5.9) that the index of primitivity is at most quadratic in the size of the 
matrix, so there exists G independent of n so that N < G'^ . Clearly the smallest 
entry of A'^ , call it e, is at least (e~5fcpC/^JV_ changed ^kpU to ^kpU to account 
for the fact that the smallest entry of A could be slightly smaller than the smallest 
entry oi A.) 

The reader can verify that for any M and fc, 

[eY^iA^'u)" < j:(^'^''^''^)c,d < (5:(i*^+^),.)'. 
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By taking logs, dividing by fc(A/ + iV), and letting A; — > cxd, we see that 



M + iV M + AT ' ' Af + iV 

If we denote /m — then for every M > N ^ 

Ai 

^ x/Tn ^A(l) loge 

A(A) < /m < A(.l) + - 

For to approximate A{A) to within 0.2 • 2^", it is therefore sufficient to take 
M > 5 • 2" (TV A (A) — loge), which is less than for some constant H and large 
enough n. The calculation of ///n entails taking an exponentially large power of an 
exponentially large matrix, which can be done in exponentially many computations. 
Therefore, there exists / so that X{A) can be approximated to within 0.2 • 2^" in 
fewer than /" computations. 

By collecting all of these facts and taking J = max(/,F) + 1, we see that for 
sufficiently large n, we may approximate Pif^) to within 2~" by performing fewer 
than J" + Brcn steps for some uniform constants B, C, and J. 

□ 

9. Examples 

We now give some applications of the results from Sections [7] and [5] to specific 
Gibbs states and pressures, beginning with the hard-core and Ising antiferromag- 
netic models presented earlier. We note that these models have strongly irreducible 
underlying SFTs (the hard square shift and full shift on ±1 respectively), and so 
checking whether our results apply to them boils down to checking which parameter 
values give q{A,j,^x) < Pc- 

1. Hard-core model: we wish to know which activity levels a give <7(A$^x) < Pc- 
By the definition of <i>, it is easy to check that for S = O^C ") , 

I, l+a " ^' 

which we abbreviate by A| .^^ = (^j^, jf^^ ■ For any other S' G {0, l}^(o.o), A|'^ = 

(1,0), i.e. it is concentrated entirely on the symbol. (This is because if S' ^ O^C ") , 
the only locally admissible way to fill S in TL is with a 0.) Therefore, 

g(A$,«) = d('('-^,-^V(l,0)^ 



l-|-al + a/ / l + a 

which is less than p^ iS a < jz^^ ■ We note that this computation was already done 
in [vdBMj . 

2. Ising antiferromagnet: again, we wish to know which parameters h, P give 
q{A<i,^x) < Pc- Again, it is reasonably straightfoward to check that for any i5 G 



|±l}^,o,o, ^ith j:.eN,„„S{v)^n, 
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It is then fairly easy to see that 



It was shown in |vdBM] that g(A$_x) < Pc as long as 2/3(4 - \h\) < log 
though this condition is certainly not necessary. 

In both models, the results of |vdBM) imply that there is a unique Gibbs measure 
^ for the described parameters. Theorem 17.21 implies that in addition, the pressure 
P(/$) is exponentially well approximable by 

1/p (log A(^$(pl ,XW ,l,n+l,tM ,bM ) - log X{A^[p] ^xM,l,n,t^p] ,bM )) 

for any boundary conditions t, b periodic with period p. (Of course, for these two 
models, there exist globally admissible constant rows, and so we could take p = 1.) 
By Theorem l8.ll a bound on the computability of these pressures can also be given 
in terms of the computability of the relevant parameter values. 

We conclude by giving applications to topological entropy, in the same spirit as 
[P] . We first note that since a measure of maximal entropy is clearly an equilibrium 
state for the function / = /o = 0, any measure of maximal entropy is a Z^-MRF 
associated to the Gibbs specification A = Ao,x defined by 




if rid ^ C{X) 
if Ti6 e C{X) 



when 5 G C{X) (here N{5) is just the normalization factor \{rj G : rjS G 

C{X)}\), and by A''' = A''" when 5' i C{X), where 5q is any fixed globally admis- 
sible boundary with the same shape as 5' . 

We now exhibit two classes of strongly irreducible n.n. Z^-SFTs for which q{h.) < 
Pc for this specification, implying that the topological entropy (topological pressure 
for / = /o = 0) is exponentially well approximable via strips, and therefore { J"}- 
computable for some J. For the first, we need a definition. 

Definition 9.1. In a n.n. U^-SFT X with alphabet A, a ^ A is a safe symbol if 
for all b & A, (a, 6), (&, a) G £i for 1 < i < d. In other words, a is a safe symbol if 
it may legally appear next to any letter of the alphabet in any direction. 

Proposition 9.2. Any n.n. Z/^-SFT with alphabet A containing a subset A' of 
safe symbols for which -Ij^ > I ~ Pc has a unique measure of maximal entropy /i 
which is an MRF associated to a translation-invariant H? -specification A satisfying 
q{A) < Pc. The topological entropy of any such SET is {J^^}- computable for some 
J. 

Proof. Consider any such Z^-SFT X and any jj, a measure of maximal entropy on 
X with Z^-specification A. Clearly, since X contains a safe symbol, any 5 G A^^°'°'> 
is in C{X) and X is strongly irreducible. For any 5 G ^^w ") , the probability 
distribution A"^ is uniform over some subset of A^ call it Ss^ which contains A' . 
Clearly, \Ss\ = N{5). Choose any 5,5' G ^^c o), and assume w.l.o.g. that N{5) > 
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N{b'). Then, 

d(A^A^') = i^|A^(e)-A*'(e)|< 



2 

ee-4 



\_\ 

2 \N{5') N(S)J 



1 \ N{S)-\A'\ N{6')-\A'\ 



N{S') N{S)J 2N{S) 2N{d') 
, \A'\ l^'l 

Therefore, q(A) < pc, implying by Theoreni l3.9l that fi was unique. The fact that 
h{X) — P{fo) imphes that h{X) is {J"} computable for some J by Theorem 18. II 

□ 

We note that since Pc > .556 > .5 by [vdBE| . clearly the 7? hard square shift H 
satisfies the conditions of Proposition [^21 

We recall that the { J"}-computability of the topological entropy of such SFTs 
followed from the exponentially good approximations given by differences of topo- 
logical entropies of constrained strips, i.e. strips with boundary conditions t, b. For 
SFTs with at least one safe symbol a (such as those to which Proposition 19.21 ap- 
plies), one can take t,b = and then the topological entropies of the approximating 
"constrained" strips are equal to those of unconstrained strips as were treated in 

E- 

Proposition 9.3. Any n.n. 1?-SFT with alphabet A with the property that for all 
a ^ A, and for any direction, the set of legal neighbors of a in that direction has 
cardinality greater than (1 — ^-^^p •) )\A\, has a unique measure of maximal entropy 
fjL which is an MRF associated to a 1? -specification A satisfying q{K) < p^. The 
topological entropy of any such SFT is {J"} -computable for some J. 

Proof. Consider any such n.n. Z'^-SFT X and any /i a measure of maximal entropy 
on X with Z^-specification A. Since 1 - ^^^^^^ ^ > |, any S £ A^^°-°> can be 
extended to a locally admissible configuration with shape A''(o,o) U {0}. The reader 
may check that this implies both that any 5 G A^io-o) is in C{X) and that X is 
strongly irreducible. Therefore, for any 6 G A^C'") , the probability distribution A'' 
is uniform over some nonempty subset of A, call it Ss- Clearly jS'al = Define 
a := ^^^p y Then it is clear that l^^l > (1 — a)\A\ for any 6 G A. Choose any 
S,S' G A^(°-'>'>, and assume w.l.o.g. that N{S) > N{6'). Define m := \Ss Ci Ss'\ and 
note that m > N{6) - a\A\. Then, 



d(A^A^')=i^|A^(e)-A^'(e) 



2 



2 \N{5') N{5)J 2N{6) 2N{6') N{S) 

N{S) - a\A\ _ a\A\ a _ 

Therefore, (7(A) < pc, implying by Theorem 13.91 that /i was unique. The fact 
that h{X) — P{fo) again implies that h{X) is {J" {-computable for some J by 
Theorem [HI 

□ 
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We note that since by |vdBE| . ^i_^p > 4(i+'^55g) > the usual k- checkerboard 
Z^-SFT, with alphabet {1, . . . ,k} and forbidden list consisting of all pairs of adja- 
cent identical letters, satisfies the conditions of Proposition 19.31 when k > 12. (It 
may also satisfy these conditions for smaller k depending on the exact value oi pc.) 
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